Through assuming that nonlinear superposition principles NLSPs are embedded in a Lie group, a class of 3rd-order PDEs is derived from a general determining equation that determine the invariant group. The corresponding NLSPs and transformation to linearize the nonlinear PDE are found, hence the governing PDE is proved C-integrable. In the end, some applications of the PDEs are explained, which shows that the result has very subtle relations with linearization of partial differential equation.
Introduction
Construction of new solutions by superposition of known ones is a familiar tool in nonlinear partial differential equations. The idea of superpositions for nonlinear differential operators originated in 1893 by Vessiot 1 . It was immediately generalized by Guldberg 2 . Marius Sophus Lee pointed out that these are special cases of his own theory of "Fundamental Solutions of Differential Equations" 3, 4 . The problem was reconsidered in 1960 by Temple 5 who showed the existence of nonlinear d.e. and the general solution cannot be obtained as a finite number of particular solutions. In 1965, Inselberg showed that there exist classes of equations, involving nonlinear operators, where it is possible to "compose" two solutions to obtain a different solution 6 . This is different than the above works where the general solution is sought. In 2000, Ibragimov gives specific examples of the Vessiot-Guldberg-Lie algebra applied to some partial differential equations 7 . Jones and Ames introduce the definition "connecting function" to describe nonlinear superposition in 8 .
Generally, these methods for finding NLSPs can be classified into two categories: one is based on ad hoc methods 9-12 ; the other is Lie's classical symmetry algorithm 7, 13-15 .
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In contrast with the ad hoc methods, Lie's classical symmetry algorithm is systematic and automatic.
Following the definition of nonlinear superposition introduced by in 8, 15 , formally, the simplest form of a superposition principle is an operation
where V and W are function spaces which preserves some governing equations, so that if
where w u * v. Of course, it is a simple matter to extend this concept to any n-ary operation that constructs new solutions from n old solutions. Goard and Broadbridge have investigated how to use Lie symmetry algebras to find general superposition principles for nonlinear PDEs 15 and they have given the NLSPs of some first-order and second-order PDEs in two independent variables and linearized the PDEs. However, for higher-order nonlinear PDEs, its linearization and NLSPs have not been fully investigated. It is the purpose of the paper to demonstrate how to find the superposition principles for a class higher-order nonlinear PDEs.
We assume that for any pair of solutions v x and z x to the governing PDE, there exists a parameter so that we have a one-parameter solution u F v, z, .
1.4
In further, suppose that the NLSP is surjective in the sense that, for any two solutions u x and z x , there exists a solution v x such that
1.6 From 1.5 , if F v / 0, the implicit function theorem allows us to regard v as a function of u and z. Hence we write we find the NLSP for the PDE. Goard and others have shown in their work that for first-and second-order PDEs of two independent variables, this will actually imply that the PDE will have a generator of the form
where A x, y is the general solution of a linear homogeneous PDE. Hence the PDE satisfies the necessary condition for the existence of a transformation to a linear PDE.
In the paper, we will start from a general third-order PDE and find the third-order PDE class with NLSPs. Furthermore, a discussion for higher-order PDEs is given.
A Class of Third-Order PDEs with NLSPs
Firstly, consider a general third-order determining equation: 
2.2
To obtain a solution of 2.2 where h depends on z, u alone, the coefficients of 2.2 need to be in z and u alone. Hence we consider the possible way in which 2.2 can be written as an equation in z and u. It is shown that the determining equation admits separable solutions
or, more generally,
In the case, at least one of α 4 x, y, u , α 16 x, y, u , α 18 x, y, u , α 19 x, y, u is not zero. We note that at least one of these coefficients must be nonzero for a third-order governing PDE. In addition, we suppose where
and notice that, from 2.6 ,
where A z exp k z dz dz. 
Symmetry Analysis of 2.8
We rewrite 2.8 in the following formulation: 
3.4
We require
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where
then,
It is easy to verify other equations if 3.6 is satisfied. Then, 3.4 degenerates into 
Some Explanations of the Result
By explicitly constructing the full class of PDEs with a Lie group of NLSPs, we arrive at a single expression 3.1 for a class of third-order variable-coefficient equations.
Relations with ODE
First of all, we should point out that when letting c 0 x, y c 6 x, y c 7 x, y c 8 x, y 0, 3.1 is second-order PDE, which is 2.44 in 15 
4.4

